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The temperature-transforming model developed in the 1990s is capable of solving convection-controlled solid-

liquid phase-change problems. In thismethodology, phase change is assumed to take place gradually througha range

of temperatures. The heat capacitywithin the range of phase-change temperatureswas assumed to be average to that

of solid and liquid in the original temperature-transforming model. In this paper, a modified temperature-

transformingmodel is proposed, to consider the dependence of heat capacity on the fractions of solid and liquid in the

mushy zone. The ramped switch-off method is used for a solid velocity-correction scheme. The results are then

comparedwith existing experimental andnumerical results for amelting problem is a rectangular cavity. The results

show that themodifiedmodel is closer to experimental resultswith octadecane as pulse codemodulation, even though

its heat capacity ratio is close to one. Themodifiedmodel is then tested on substances that have heat capacity further

from one, such as 0.4437 for water and 1.2034 for acetic acid. The results show that the original model underpredicts

the velocity of the solid–liquid interface when the heat capacity ratio is less than one and overpredicts the velocity

when the ratio is higher than one.

Nomenclature

C = c0=cl
Csl = solid–liquid heat capacity ratio, cs=cl
c = specific heat, J=�kg � K�
c0 = coefficient, J=�kg � K�
d = coefficient in velocity correction
g = gravitational acceleration, 9:8 m=s2

H = height of the vertical wall, m
K = dimensionless thermal conductivity, k=kl
Ksl = ratio of thermal conductivities, ks=kl
k = thermal conductivity, W=�m � K�
L = latent heat, J=kg
Lx, Ly = number of nodes on the X and Y direction
P = dimensionless pressure, �p� �1gy�H2=��2l
P� = initially guessed dimensionless pressure
P0 = dimensionless pressure correction
Pr = Prandtl number, �=�l

Prl = Prandtl number of liquid, �l=�l

p = pressure, N=m2

Qc = dimensionless average heat transfer rate on the right
wall, q00

cH=ks�T0
h � T0

m�
Qh = dimensionless average heat transfer rate on the left

wall, q00
hH=kl�T0

h � T0
m�

q00
c = average heat transfer rate on the right wall, W=m2

q00
h = average heat transfer rate on the left wall, W=m2

Ra = g�H3�T0
h � T0

m�=�l�l

S = S0=cl�T0
h � T0

m�
Sc = subcooling parameter, �T0

c � T0
m�=�T0

h � T0
m�

SC = linearized source term
SP = linearized source term
Ste = Stefan number, cl�T0

h � T0
m�=hsl

S0 = source term
T = dimensionless temperature, �T0 � T0

m�=�T0
h � T0

m�

Ti = dimensionless initial temperature
T0 = temperature, K
T0
c = cold surface temperature, K

T0
h = hot surface temperature, K

T0
m = melting (or freezing) temperature, K

t = time, s
U, V = dimensionless velocities, uH=�l, vH=�l
u, v = velocities, m=s
VL = melting rate
X, Y = dimensionless coordinate directions, x=H, y=H
x, y = coordinate, m
� = thermal diffusivity, m2=s
� = coefficient of volumetric thermal expansion, 1=K
�T = �T0=�T0

h � T0
m�

"l = ratio of the volume of liquid to the total volume of the
computational domain

� = dynamic viscosity, kg=�m � s�
� = kinematic viscosity, m2=s
� = density, kg=m3, �� �1�1 � ��T0 � T0

m�	
�1 = reference density, kg=m3

� = dimensionless time, �lt=H
2

� = general dependent variable
2�T0 = phase-change temperature range, K

Subscripts

E = east neighbor of grid P
e = control-volume face between P and E
i = initial value
l = liquid phase
m = mushy phase
N = north neighbor of grid P
n = control-volume face between P and N
nb = neighbors of grid P
P = grid point
S = south neighbor of grid P
s = solid phase or control-volume face between P

and S
W = west neighbor of grid P
w = control-volume face between P and W

I. Introduction

P HASE-CHANGE heat transfer has received considerable
attention in literature [1,2] due to its importance in latent heat
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thermal energy storage devices [3–5] and many other applications.
Many numerical models for melting and solidification of various
phase-change materials (PCMs) have been developed. The
numerical models can be divided into two groups [6]: deforming
grid schemes (or strong numerical solutions) and fixed grid schemes
(or weak numerical solutions). Deforming grid schemes transform
solid and liquid phases into fixed regions by using a coordinate
transformation technique. The governing equations and boundary
conditions are complicated due to the transformation. These schemes
have successfully solvedmultidimensional problemswith or without
natural convection. The disadvantage of deforming grid schemes is
that they require significant amount of computational time. On the
other hand, fixed grid schemes use one set of governing equations for
the whole computational domain, including both liquid and solid
phases, and the solid–liquid interface is later determined from the
temperature distribution. This simplicity makes the computation
much faster than deforming grid schemes, and it still provides
reasonably accurate results [7]. There are two main methods in the
fixed grid schemes: the enthalpy method and the equivalent heat
capacity method. The enthalpy method [8] can solve heat transfer in
the mushy zone but has difficulty with temperature oscillation,
whereas the equivalent heat capacity method [9,10] requires large
enough temperature range in the mushy zone to obtain converged
solution.

Cao and Faghri [11] combined the advantages of both enthalpy
and equivalent heat capacity methods and proposed a temperature-
transforming model (TTM) that could also account for natural
convection. TTMconverts the enthalpy-based energy equation into a
nonlinear equationwith a single dependent variable: temperature. To
use the TTM in solid–liquid phase-change problems, it is necessary
to make sure that the velocity in the solid region is zero. In the liquid
region, the velocity must be solved from the corresponding
momentum and continuity equations. There are three widely used
velocity-correction methods [12]: switch-off method (SOM) [13],
source term method (STM), and variable viscosity method (VVM).
Voller [12] compared these threemethods and concluded that STM is
the most stable method for phase-change problems. Ma and Zhang
[14] proposed twomodifiedmethods that can be used with TTM: the
ramped switch-off method (RSOM) and the ramped source term
method (RSTM). These two methods were modified from the
original SOM and STM in order to eliminate discontinuity between
the two phases. Because RSOM and RSTM give virtually the same
results, this paper follows the recommendations of [14] and uses the
RSOM method for velocity treatment in solid.

The heat capacity within the range of phase-change temperature
was assumed to be average to that of solid and liquid in the original
TTM. Although this treatment could provide accurate results for the
cases where the heat capacity ratio of the PCM is close to one
(�scps 
 �‘cp‘), an alternative method that can consider the
dependence of heat capacity on the fractions of solid and liquid in the
mushy zone is necessary for the case where the heat capacity ratio is
not close to one. A modified TTM that considers heat capacity in the
mushy zone as a linear function of solid and liquid fractions will be
developed in this paper.

II. Governing Equations

TheTTMthatwas proposed byCao and Faghri [11] is based on the
following assumptions:

1) Solid–liquid phase change occurred within a range of
temperatures.

2) The fluid flow in the liquid phase is an incompressible laminar
flow with no viscous dissipation.

3) The change of thermal physical properties in the mushy region
is linear., and

4) The thermal physical properties are constants in each phase, but
may differ among solid and liquid phases, whereas density is
constant for all phases.

Melting inside a rectangular enclosure, as shown in Fig. 1, will be
studied in this paper. The top and bottomwalls are insulated, whereas
the left and right walls are kept at constant T0

h and constant T0
c . The

initial temperatures were set to T0
c in all cases. In TTM, conventional

continuity and momentum equations for fluid flow problems are
applicable, whereas the energy equation is transformed into a
nonlinear equation similar to the method used in temperature-based
equivalent heat capacity methods. Under the assumption that there is
no density change during phase change and the liquid phase is
incompressible, the governing equations using the original TTM
expressed in a two-dimensional Cartesian coordinate system are as
follows (y axis is the vertical axis):

continuity equation

@u

@x
� @v

@y
� 0 (1)

momentum equations in x and y directions

@��u�
@t

� @��uu�
@x

� @��vu�
@y

�� @p

@x
� @

@x

�
�
@u

@x

�
� @

@y

�
�
@u

@y

�

(2)

@��v�
@t

� @��uv�
@x

� @��vv�
@y

�� @p

@y
� �g� @

@x

�
�
@v

@x

�

� @

@y

�
�
@v

@y

�
(3)

energy equation
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where coefficients C0 and S0 in Eq. (4) are

C0�T� �
8<
:
��c�s; T0 < T0

m ��T0

��c�m � �hsl
2�T0 ; T0

m ��T0 � T0 � T0
m ��T0

��c�l; T0 > T0
m ��T0

(5)

S0�T� �
8<
:
��c�s�T0; T0 < T0

m ��T0

��c�m�T0; T0
m ��T0 � T0 � T0

m ��T0

��c�l�T0 � �hsl; T0 > T0
m ��T0

(6)

and the thermal conductivity is

K�T�

�
8<
:
ks; T0 < T0

m ��T0

ks � �kl � ks� T
0�T0

m��T0

2�T0 ; T0
m ��T0 � T0 � T0

m ��T0

kl; T0 � T0
m ��T0

(7)

Boundary 
condition:
Tc

x

y

Initial condition: 
Ti=Tc

Boundary 
condition:
Th

Boundary condition: 
Insulated

Boundary condition: 
Insulated

1
0

1

PCM

Fig. 1 Melting in a two-dimensional cavity.
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where T0 < T0
m ��T0 corresponds to the solid phase,

T0
m ��T0 � T0 � T0

m ��T0

to themushy zone, and T0 > T0
m ��T0 to the liquid phase. The heat

capacity in themushy zonewas assumed to be the average of those of
solid and liquid phases:

��c�m � 1
2
���c�s � ��c�l	 (8)

which will not be a suitable assumption when the heat capacity ratio
of the substance is not close to one. To improve the TTM, it is
proposed that the heat capacity is a function of the liquid fraction:

��c�m � �1� ’l���c�s � ’l��c�l (9)

where ’l is liquid fractions in themushy zone and the solid fraction is
1 � ’l. Because themushy zone has temperatures from T0

m ��T0 to
T0
m ��T0, the liquid fraction is a linear function of the temperature

of the mushy zone by

’l �
T0 � T0

m ��T0

2�T0
(10)

The coefficients C0 and S0 for the energy equation of the modified
TTM become

C0�T0� �
8<
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2
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and the thermal conductivity is
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Introducing the following nondimensional variables
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The governing equations can be nondimensionalized as
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where
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and the thermal conductivity is

K �
8<
:
Ksl; T < ��T
1�Ksl

2
� 1�Ksl

2�T
T; ��T � T � �T

1; T > �T
(21)

It should be noted that the body force in Eq. (17) will be changed to
RajT � Tmaxjq=Prwhen theworkingfluid is water, whereTmax is the
temperature at which water has maximum density (4.03�C) and q is
1.894816.

III. Numerical Solution Procedure

A. Discretization of Governing Equations

The two-dimensional governing equations are discretized by
applying afinite volumemethod [15], inwhich conservation laws are
applied over finite-sized control volumes around grid points, and the
governing equations are then integrated over the control volume.
Staggered grid arrangement is used in discretization of the
computational domain in momentum equations. A power law
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scheme is used to discretize convection/diffusion terms in
momentum and energy equations. The main algebraic equation
resulting from this control-volume approach is in the form of

aP�P �
X

anb�nb � b (22)

where �P represents the value of variable � (U, V, or T) at the grid
pointP, �nb are the values of the variable atP’s neighbor grid points,
and aP, anb, and b are corresponding coefficients and terms derived
from original governing equations. The numerical simulation is
accomplished by using SIMPLE algorithm [15]. The velocity-
correction equations for corrected U and V in the algorithm are

Ue �U�
e � de�P0

P � P0
E� (23)

Vn � V�
n � dn�P0

P � P0
N� (24)

where, according to the staggered grid arrangement, e and n,
respectively, represent the control-volume faces between grid P and
its east neighbor E and grid P and its north neighbor N. The source
term S in governing equations is linearized into the form

S� SC � SP�P (25)

in a control volume, and by discretization, SP and SC are then,
respectively, included in aP and b in Eq. (22).

B. Ramped Switch-Off Method

To avoid discontinuity of the values of U and V at the phase-
change fronts, Ma and Zhang [14] developed a RSOM in which the
whole domain is divided into three regions: solid region, mushy
region, and liquid region. In the solid region (T � ��T), the value of
aP is set as a very large positive number, 1030, whereas de and dn are
set as very small positive numbers, 10�30. In themushy region where
��T � T � �T, the adjustments for aP, de, and dn satisfy the
following linear relations:

aP � aPi �
T ��T

2�T
�aPi � 1030� (27)

de � dei=aP; dn � dni=aP (28)

where aPi, dei, and dni are the values of these coefficients in the
mushy region originally computed by SIMPLE algorithm. For the
liquid area (T 
 �T), aP, de, and dn are just directly computed by
the SIMPLE algorithm.

IV. Results and Discussions

The TTM was validated by comparing its results to an
experimental result and other numerical results. Figure 2 shows the
positions of melting fronts obtained by the modified TTM compared
with Okada’s experimental results [16], Cao and Faghri’s TTM
simulation [11], and Ma and Zhang’s numerical results [14] at a
dimensionless time of � � 39:9. The PCM used in those researches
were octadecane (which has a solid–liquid heat capacity ratio of
0.986), thermal conductivity ratio of 2.355, and Prandtl number of
56.2. All cases started with a temperature very close to the melting
point, in otherwords, the subcooling parameterwas equal to 0.01, the
Stefan number was 0.045, and the Raleigh number was 106. The
width of themushy zone 2�T was assumed to be 0.02. Following the
suggestion by Ma and Zhang [14], the grid number of 40 � 40 and
time step of 0.1 were used for this step. Although the heat capacity
ratio of octadecane is very close to one, the modified TTM results
show a slight improvement by moving closer toward experimental
results in [16]. Even though modified TTM requires more iterations
(216,729 iterations) than the original TTM (211,264 iterations), the
difference in number of iterations between both methods is not very
significant. Figure 3 shows those positions at � � 78:6. As time
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Fig. 2 Comparison of the locations of the melting fronts at �� 39:9.
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Fig. 3 Comparison of the locations of the melting fronts at �� 78:68.

X*Lx

0 10 20 30 40

Y*Ly

0

10

20

30

40

Fig. 4 Velocity vector when �� 78:68 for modified TTM.
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progresses, the modified TTM gives results closer to the
experimental result. The velocity vector contour for � � 78:6 is
given in Fig. 4. It can be seen that the liquid flows upward near the
heated wall and flows downward near the solid–liquid interface,
which is consistent with the typical natural convection problem with
higher temperature on the left wall. The modified TTM with RSOM
can provide accurate prediction for phase-change problems with
natural convection.

The modified TTM with RSOM is further tested with substances
that have the heat capacity ratio far fromone. The substance of choice
is water, which hasCsl of 0.477,Ksl of 3.793, and Prandtl number of
11.54. The Sc is 0.25, the �T of 0.03, and the Ste is 0.101. After
extensive grid-dependent study, a 50 � 50 grid and time step size of
10�4 were chosen as the optimum grid and time step for modified
TTM to be applied with water. Figure 5 shows the velocity vectors at

different heating temperatures. It can be seen that the modified TTM
can capture the unique flow pattern of water: water has one
circulation when temperature is less than 4.03�C (the temperature
with highest density) and it has two circulations when temperature is
higher than 4.03�C. Figure 6 shows the comparison of total volume
fraction VL, total heat on the left wall Qh, and total heat on the right
wall Qc between modified and original TTM results to those of Ho
and Chu [17]. In [17], Ho and Chu used a hybrid method in which
temperatures were solved separately for solid and liquid regions, but
on a fixed grid over the entire domain, whereas TTM methods use
one equation for temperature over a fixed grid domain. In the
comparison, the same grid and time step sizes are used in all three
methods. Both modified and original TTM underpredict total heat
transfer inside the domain when comparing with [17]. However,
modified TTMstill gives results closer to [17] than the original TTM.
Figure 7 shows the comparison of the locations of the solid–liquid
interface obtained by different models. It can be seen that the original
TTM underpredicts the melting rate of substance, with the heat
capacity ratio less then one.

Finally, melting of a substance with the heat capacity ratio higher
than one (acetic acid, Csl � 1:203) was studied. The acetic acid has
Ksl of 1.2 and Prandtl number of 14.264. The Stefan number is
chosen to be 0.045 and�T is 0.01. The optimumgrid size formelting
of acetic acid cases is 40 � 40 and the time step is 0.1. Because the
original TTMuses the average of heat capacity in themushy zone and
it underpredicts the total heat transfer when the heat capacity ratio is
less than one, and so the opposite effect is expected when the ratio is
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Fig. 5 Velocity vector plot at �� 57:7 shows the unique ability ofwater
flow in different temperatures on the right wall.
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Fig. 6 Comparison of volume fraction and total heat on right and left

walls for water (Csl � 0:477, Ksl � 3:793).
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higher than one. Figure 8 shows that the original TTM overpredicts
the movement of solid–liquid interface when the working fluid has
the heat capacity ratio higher than one. Figure 9 shows the velocity
vector for the acetic acid flow inside the rectangular cavity, which is
also consistent with conventional natural convection with high
temperature at the left wall.

V. Conclusions

Amodified TTMwas proposed and numerical simulation for three
substances were carried out. Even for the PCMwith the heat capacity
ratio close to one, the present model yields results closer to the
experimental results than the original TTM. The difference in
predicted melting rate becomes larger when the heat capacity ratio is
further away from one and the modified TTM will give better
prediction than the original TTM.The original TTMunderpredict the
location of the interface when the heat capacity ratio is less than one
and it will overpredict when the ratio is larger than one.
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Fig. 7 Comparison of the locations of the melting fronts for water at

time 57.7 (Csl � 0:477, Ksl � 3:793) with Th � 8�C.
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Fig. 8 Comparison of the locations of the melting fronts for acetic acid

at time 100 (Csl � 1:203, Ksl � 1:2).
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Fig. 9 Velocity vector for acetic acid at time 57.7 (Csl � 1:203,
Ksl � 1:2).
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